The reduction by symmetry of the linear system of the self-dual Yang-Mills equations in four-dimensions under representatives of the conjugacy classes of subgroups of the connected part to the identity of the corresponding Euclidean group under itself is carried out. Only subgroups leading to systems of differential equations nonequivalent to conditions of zero curvature without parameter, or to systems of uncoupled first order linear O.D.E.'s are considered. Lax pairs for a modified form of the Nahm's equations as well as for systems of partial differential equations in two and three dimensions are written out.
I. INTRODUCTION
Several systems of partial differential equations have been investigated in the past via the method of symmetry reduction (see Refs.1-3, and references therein). This includes the (coupled) Yang-Mills theories 4−9 , and in particular the self-dual Yang-Mills (abbreviated SDYM below) equations in flat spaces. In four dimensions, the latter equations are known to be completely solvable through the twistor construction. 10 27 .
The corresponding linear system, or Lax pair, 10, 11, 28, 29 to the SDYM equations has also been reduced with respect to translations as well as other two-and three-dimensional Abelian subgroups of the conformal group. 30−32 As expected, the compatibility of the reduced Lax pair led to the SDYM equations reduced under the same symmetry group.
Let us mention that the six trancendents of Painlevé were found in Ref. 32 as the result of reductions with respect to three-dimensional Abelian subgroups, which have also been derived through further reductions of reduced systems of the SDYM equations (see Ref.
13). The symmetries involved consisted of translations, rotations, and dilatations. In particular, the nontrivial reduction of the Lax pair for the SDYM equations to the Lax pair for the Painlevé equation P V I has been exhibited.
In the following, the symmetry reduction of the Lax pair of the SDYM equations with respect to any subgroup of the conformal group is described. In our discussion, we will restrict ourselves to the Euclidean version of the SDYM system, where preliminary results have been obtained 33 . This work can also be performed on R 4 endowed with the diagonal metric: (+1, +1, −1, −1) (R (2, 2) ) 34, 35 . Let us recall that the procedure of symmetry reduction has been applied to generate new gauge invariant or supersymmetric systems from higher dimensional ones. There is in general a residual gauge symmetry after reduction, but no residual supersymmetry is ensured. 
38,39
In order to introduce our notation, we recall in section II the four-dimensional SDYM equations as well as their corresponding linear system, or Lax pair, in Euclidean space (E 4 ). Then, the lift of the action of the conformal group SO(5, 1), which leaves invariant both the SDYM equations and its Lax pair is found by reference to the twistor construc- 
II. SELF-DUAL YANG-MILLS EQUATIONS AND LAX PAIR
Let us write the SDYM equations in E 4 to set our notation:
where F is a curvature 2-form pulled back to E 4 from the gauge bundle P (E 4 , H), explicitly : F = dω + ω ∧ ω, with the connection 1-form ω on P taking values in the Lie algebra H of the gauge group H.
In terms of Cartesian coordinates {x µ }, they can be expressed as:
where µ, ν, ... = 1, ..., 4, ǫ µνκσ stands for the completely antisymmetric tensor in four dimensions with the convention: ǫ 1234 = 1. The components of the field strength (F µν ) are given by:
3)
The solutions to the SDYM equations on complexified Minkowski space (M C ), or self-dual connections on a vector bundle N over M C , are related in a one-to-one manner to holomorphic vector bundlesÑ over CP 3 * , trivial over CP 1 submanifolds. The fibres (C n ) of the bundleÑ consist of covariantly constant sections Ψ of the bundle N on antiself-dual planes of M C corresponding to a point of CP 3 * , which are also called β-planes.
The condition of self-duality, or the self-dual equations, of the connections on M C is in fact equivalent to the condition of covariant constancy of sections Ψ with respect to the with coordinates x µ : On the subset R 4 × R 2 of CP 3 * , labelled by the coordinates (x µ , y i ), i = 1, 2, one finds that the vector parts of eqs (2.4):
5a) where a, b, c = 1, 2, 3 and ǫ abc is the three-dimensional antisymmetric tensor (ǫ 123 = 1),
The SDYM equations (2.2) and their linear system (2.4) are invariant under the gauge transformations:
and
where h ∈ H is a function of x ∈ S 4 . These equations are also preserved by the global action of the conformal group SO(5, 1). In order to preserve the holomorphic structure of the bundleÑ → CP 3 * , the action of SO(5, 1) is lifted to CP 3 * in a holomorphic fashion by requiring the complex structure (2.6) to be invariant with respect to a lifted action of the conformal group. Locally, the lifted vector fields (X) will obey to the Lie algebra so(5, 1) of SO(5, 1), and will correspond to infinitesimal automorphisms of the complex structure (2.6), i.e. 42, 43 :
∀X ∈ so(5, 1), where LX denotes the Lie derivative with respect toX.
A specific representation of so(5, 1) can be realized in terms of vector fields (X) on E
where {X a , a = 1, 2, 3} and {Ŷ a , a = 1, 2, 3} are two commuting so(3) Lie algebras of so (4), K µ denotes the generators of the special conformal transformations, andD generates the dilatations.
One verifies that the lifted vector fields on
with the generators {Z a , a = 1, 2, 3} forming the SO(3) rotations on S 2 , or vector fields ∈ T (CP 1 ) such that:
which in terms of the parameter λ become:
Let us restrict ourselves to the (real) Euclidean Lie algebra e(4) ∼ so(4) ⊲ t 4 , which can be realized as an embedding in so(5, 1). We introduce the matrix I 5,1 , defined as:
Then so(5, 1) consists of the set of elements S ∈ gl(6, R) satisfying the relation :
Among those elements, the algebra e (4) is determined by the subset composed of:
where Y T = −Y , each element belonging to so(4) ∼ so(3) ⊕ so (3), and the translations (P µ ) along the x µ -axis, parametrized by α µ .
The linear action of the Euclidean group on R 6 provided with the Cartesian coordinates (η 1 , ..., η 6 ) determines the standard action of E o (4) on E 4 through the formula:
We have elected the following basis 1 of so(4) ⊂ gl(6, R): 
III. INVARIANCE CONDITIONS
The linear system (2.4) of the SDYM equations involves Yang-Mills fields (A µ ) and multiplets (Ψ) of scalar fields transforming under the fundamental representation of the gauge group H.
The Yang-Mills fields can be interpreted as pullbacks to the base manifold of connection 1-forms on P (E 4 , H), and their invariance has been studied in many papers. For instance, one may consult Refs.5-8.
All the isotropy subgroups of the representatives of the conjugacy classes with orbits of dimension one, two, or three correspond either to the identity or to a compact Lie group: SO(2) or SO (3), and the approach presented in Refs. 5,6 and 8 can then be used to determine the most general and globally invariant gauge fields in E 4 . However, we are only interested in local expressions for the symmetric fields, and we will impose the infinitesimal form of these conditions.
Let us suppose that the symmetry group G acts (effectively) on each orbit G/G o with cross-section V , where G o is identified as the isotropy subgroup of G at each point of V .
In finite form, the invariance conditions are given by 5, 6, 8 :
where
Infinitesimally, we have that :
∀g ∈ G, or ∀X ∈ G (the Lie algebra of G), where the gauge transformation ρ : 
Its vanishing leads to a strict invariance condition, i.e. an invariance of the field without the help of any gauge transformation.
As for the multiplet of scalar fields, their finite and infinitesimal invariance conditions can be respectively read as: We can rewrite these reduced equations by dividing their differential and potential parts as: It can be verified that the compatibility of the system (4.2) coincide with the SDYM equations reduced under the same subgroup G:
Let us add for a simple treatment that the equation (2.4c) can be interpreted as an invariance of A µ (trivially) and Ψ under the translations (Pλ) along the complex coordinatē
However, the compatibility (4.3) of (4.2) does not necessarily tally with the reduced SDYM equations if the residual vector components span only a one dimensional vector space. Still, the equations (4.2) respect the equality: In fact, we have:
with h X and h Y , functions of the invariant coordinates.
From the commutator (4.5), we deduce that:
The functions h X and h Y are determined by solving (4.6) with the requirement that We end this section by presenting two examples which illustrates the above method :
(1) {Y 3 , P 3 , P 4 }:
The lifted vector fields have the form:
7b)
Since the lift of Y 3 to CP 3 * is nontrivial, we expect a new spectral parameter among the invariant variables. The orbit coordinates are:
In terms of these variables on the stratum, the symmetric Yang-Mills fields have the form: , u µ = u µ (r), µ = 1, ..., 4 and Ψ = ψ(r, Λ, η).
Inserting (4.8), (4.9), (4.10) and Ψ in the linear system (2.4), we find:
The condition (2.4c): ∂λΨ = 0 or (
)ψ = 0, restricts us to the invariant
In terms of the new spectral parameter ζ, the equations (4.11) become the reduced Lax pair: . The SDYM equations reduced under the same subgroup arise as the compatibility of the linear system (4.12):
where a dotted variable indicates a differentiation with respect to its argument. With the change of variables: ξ = ln(r), w 2 = r u 2 , w 3 = r −1 u 3 , w 4 = r −1 u 4 , and the gauge condition u 1 = 0, the integrability of (4.12) leads to a modified form of the Nahm's equations.
44
To simplify computations in Example 2, the vector Pλ = ∂λ of the holomorphicity equation (2.4c) is included in the symmetry algebra of lifted vector fields.
Using the holomorphicity condition or invariance alongλ: ∂λΨ = 0:
14a)
where we have elected the orbit coordinates: χ, φ, andλ and the invariant variables: r, R, and ζ, which correspond to:
15)
Here ζ stands for the new spectral parameter.
The invariant Yang-Mills field obeying to (3.1) is given by:
where u µ = u µ (r, R) and Ψ = ψ(r, R, ζ).
Substitution of (4.15), (4.16), and Ψ into the Lax pair (2.4) implies that:
The reduced SDYM equations are recovered through the compatibility of the system (4.17) and have the form:
A Lax pair with holonomic vectors follows if we put h X ∝ r and h Y ∝ R.
V. REDUCED LAX AND SDYM EQUATIONS
In this section, we present the resulting symmetry reductions with respect to the representatives of the classes of subalgebras of e(4) (see Table 2 of Ref. 44 ) giving rise to differential systems which are not equivalent to a zero curvature (without parameter) condition on the residual potentials, since the latter are then gauge equivalent to vanishing solutions (see for instance the subalgebra 4d), or to systems of uncoupled first order linear O.D.E.'s after a gauge choice (see for instance the representative 6b). One finds the list of representatives of these subalgebras in Table 1 λ. In the following, the reduced equations are first written without any special choice of gauge. In some cases, a relation to already known integrable systems is indicated.
1a {P 4 }
Orbit coordinates:
Invariant A µ and Ψ:
Reduced Lax pair:
Reduced SDYM equations:
which correspond to the Bogomolny equations 48,49 with u 4 = φ.
2. 1b {P 3 , P 4 } Orbit coordinates:
Invariant coordinates:
A number of algebraic reductions have been performed with the help of gauge choices starting from eq.(5.6). For instance, one can find a reduction to the Toda lattice equations, to the chiral field equations (if null variables are used), as well as the elliptic sine-Gordon equation 50 .
The Nahm equations 51−53 are recovered with the gauge choice u 4 = 0 and u a → −u a .
4. 2a,3a,4a,5a {αX 3 + βY 3 |α, β ∈ R} Orbit coordinates: ξ = −(α + β) arctan(
, u µ = u µ (r, R, χ) and Ψ = ψ(r, R, χ, ζ)
where γ = β α 2 +β 2 and Γ = α α 2 +β 2 . Let us note that holonomic vector parts can be obtained if (5.11a) and (5.11b) are respectively multiplied by r and R.
5. 2b,3b,4c,5b {αX 3 + βY 3 , P 3 , P 4 |α, β ∈ R} Orbit coordinates: θ = − arctan(
Invariant coordinates: r, ζ = e iγθ λ, where γ = 2β α+β
where u µ = u µ (r) and Ψ = ψ(r, ζ).
Holonomic vector components can be obtained if the two above equations are multiplied by r.
With a suitable change of variables and gauge choice, the above SDYM and corresponding Lax equations can be algebraically reduced respectively to the equations of the Toda lattice with damping and its linear system 33 .
where u µ = u µ (r, x 4 ) and Ψ = ψ(r, x 4 , ζ).
One can find holonomic vector components if the two above equations are respectively multiplied by r and r ζ
.
Orbit coordinates: ξ = − arctan(
Invariant A µ and Ψ: 19) where u µ = u µ (r, R) and Ψ = ψ(r, R, ζ).
The reduced Lax pair and SDYM equations are deduced from the same equations obtained in case 4 with the values α = 1 and β = 0 by setting ∂ χ ψ = 0 and ∂ χ u µ = 0.
where u µ = u µ (R). For the purpose of the calculations, we can express it in terms of Cartesian coordinates. We then have: Reduced Lax pair:
Let us add that the Nahm's equations can be retrieved by putting v 4 = 0 and by carrying out the following change of variables: ϕ =
−1 2R
and w a = −2R 2 v a .
where u µ = u µ (R). In order to facilitate calculations, it can be rewritten in terms of Cartesian coordinates:
where v µ = v µ (R), with R = R 2 and v µ = −
2R
u µ and Ψ = ψ(R, ζ).
The Nahm's equations are derived if we require v 4 = 0 and change v a to −v a . Contrary to the previous cases, we would like to point out that even if the lift of the elements of the symmetry algebra is nontrivial, the reduced Lax pair does not involve vector components in the direction of the new spectral parameter.
13a {X
Invariant coordinates: r = (x 1 ) 2 + (x 2 ) 2 , x 3 , χ = −c arctan( 
where u µ = u µ (r, x 3 , χ) and Ψ = ψ(r, x 3 , χ, ζ).
Reduced SDYM equations: 
